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Abstract
A generalization of Escher art is explored with many
cases being able to support the teaching of geometry. One
particular case is shown to lead to the production of holes
or cracks in the tessellated pattern. This allows for enriched
teaching and more effective differentiation within this classic
activity.

“Escher Art” is an activity that many teachers are familiar
with (Kerkusz, 2001; Pumfrey & Beardon, 2002). It provides
a context for discussion of geometric transformations,
develops patterning, and is easily tiered instructionally. While
it is not explicitly mentioned in the Ontario curriculum, it is
widely used because of its interdisciplinary connection to art
and differing degrees of problem solving that arise from the
creation of a template. This article extends the problemsolving component and illustrates that, in terms of tiering
instruction, it facilitates a diverse array of opportunities for
examining cases that show very different pattern behaviours.
Thus, while it is not explicit in the curriculum, it provides a
context for developing student comprehension of problemsolving strategies in a manner that can be differentiated
according to student ability (or need for enrichment).
Students begin with a square of card stock and cut from

one corner to a neighbouring corner
with a continuous curve. The piece
that is cut out, shown shaded lightly
in Figure 1, is then translated (left in
Figure 1) to the opposite side, or
rotated (top in Figure 1) about one of
the corners, where the cut began or
ended. The process is then repeated
with the other pair of sides. Once the
template is made, students can trace
the template and then transform it in Figure 1: Template
order to trace it again, resulting in an preparation
endless chessboard-style pattern—
known as a tessellation. Following the process, students can
look for patterns in the design to draw out some sort of
artistic component.

The activity is an opportunity to promote mathematical
language around translations and rotations, as well as to
revisit the directional language of clockwise and counterclockwise. Often the tessellated pattern leads to artistic
creativity and provides a context for discussing modelling
using geometric shapes. Perhaps the template in Figure 1
suggests having mountains with a stream following the
zigzag to the near side of the template.

As a teacher, I was introduced to this activity and
provided a sheet of student instructions so that students
could use square templates and would “get it right.” This
meant conforming to a particular method that would always
tessellate. However, at some point, I misplaced the
instructions and, in a moment of need, had a pair of classes
simply attach the two cut-out pieces (one for each of two
edges) to the other edges in whatever way they wanted. In
addition, the use of equilateral triangles, which also tile the
plane, was a variation I used for enrichment. The
unanticipated consequences and subsequent pedagogically
valuable findings are fascinating and the focus of this article.

To begin, an equilateral triangle
is the simplest regular polygon
shape that can be tessellated, and
it provides an opportunity for
exploration that simplifies the task.
It has value for students who
struggle with concepts and task
completion. In this case, one may
Figure 2: Triangle
draw a continuous line between
template cut
any two vertices, say from vertex A
to vertex B (Figure 2), and cut out the resulting region. This
scenario then yields two possible results, which are
described together and shown in Figure 3. In the first case,
the piece from side AB is rotated onto side AC (Figure 3,
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Figure 3: Two possible triangle templates

left). Alternatively, the piece is rotated onto side AC and then
flipped so that it ends up on side CA (Figure 3, right). Other
possibilities involving side BC are equivalent to one of these
two possibilities, a fact that provides a good teaching
opportunity with students.

The result of tessellating each of these two patterns is
different and shown in Figure 4. In the first case, side AB
only aligns with side AC, and the tessellation produces a

A detailed examination of the square template requires
making an abstract representation. As is done in geometry,
the corners of the template can be labelled and the letters
used to identify sides. Consider, for instance, the triangle on
the left of Figure 3. Side AB is cut out and joined to side AC,
which can be expressed AB-AC. As in other areas of
geometry, this requires two letters for each side because the
cut-out piece could be flipped, as it appears in Figure 3 on
the right, resulting in AB-CA, which is not the same.

For the square template, a lettering scheme
used throughout this article is shown in Figure 5.
Using this notation, a component is cut out of a
side, suppose it is cut out of AB, and then
Figure 5:
connected to another side. As an example, if it
Abstraction
were joined to side AD, we can express this as
of a square
(AB-AD), which corresponds to Figure 1. This
template
means that segment AB will only join with AD in
another piece. It has no implications for BC or CD, except
that the components can only be connected to each other,
either as BC-CD or BC-DC. To further clarify the notation,
the pairing of the four sides is encapsulated as (AB-AD, BCDC). This describes a template that one can attempt to
tessellate. An example of (AB-AD, BC-DC) is shown
abstractly in the left of Figure 6. The consequence of

Figure 4: Two possible triangle templates

hexagon with six smooth exterior sides (Figure 4, left). These
hexagons will then tessellate because all of the exterior
sides of the hexagon are uncut edges corresponding to side
BC. The second pattern has each triangle mesh with
triangles that alternate their orientation (Figure 4, right). The
tessellated result is a strip of triangles with smooth edges
along the top and bottom. These strips will then tessellate
with one another in one of two ways: the strips will stack one
on top of one another, each strip merely being duplicated
and translated upwards, or the second strip is a horizontal
or vertical mirror image of the first strip, which may be
thought of as duplicating the strip and then inverting the copy
before translating it.

The value of these particular Escher designs is the
opportunity for two very different outcomes to emerge in a
classroom. Discussion about further pattern development,
by tessellating the hexagons or multiple rows of the strip
pattern, can be used as a step toward developing the idea
that the pattern extends endlessly in two dimensions. It
should be noted, as well, that the equilateral triangle is not
the only triangle that can tessellate. Consider, as a simple
example, cutting an equilateral triangle into two congruent
right-angle triangles; those right-angle triangles would be
able to tessellate.
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Figure 6: A tessellation example

tessellating an example is shown in the middle, with the
corresponding letters overlaid on the template shapes. On
the right of Figure 6, a line drawing resulting from the
template is shown (where you might see the artistic element
of a bird in the upper left corner).

The abstract notation facilitates looking at different cases.
In terms of making a template, the process can be viewed
as having AB joined to one other side, and then the other
pair of sides can be cut out and joined in essentially two
different ways. This reduces the number of cases that can
arise and facilitates looking at all possible behaviours.

The example (AB-DC, BC-AD) will be called the “simple
tessellation” because it tessellates by translating the position
of the template with no rotation or flips. The other tessellation
cases that need to be considered are (AB-CD, BC-AD), (ABCD, BC-DA), (AB-CB, CD-AD), (AB-BC, CD-DA), and (ABBC, CD-AD). Rotating or flipping these templates can make
all other tessellations possibilities. The interested reader is

challenged to consider the veracity of this claim. The (ABDC, BC-DA) possibility has been left out because it is
essentially the same as (AB-CD, BC-AD). Also, (AB-CB, CDDA) has also been omitted because it is analogous to (ABBC, CD-AD) if “B” and “D” are switched. This corresponds
to turning the template upside down. Effectively, the
tessellation is unchanged, but the tessellated pattern would
be the mirror image.

Each of the five distinct cases is explored using the
notion that has been introduced. In four cases, the pattern
is tessellated to an extent that creates a larger square,
referred to as a “super template,” which corresponds to one
of the other template patterns. When this arises, additional
letters U, V, W, and X are used in the corners of the supertemplate to facilitate discussion of the larger block.

(AB-CD, BC-AD)
Note that, in this example, the
additional letters U, V, W, and X, have
been added to the corners of the larger
block of four templates. This is to facilitate discussion about
how the super template UVWX can be transformed. In this
case, the combination of four small templates (i.e., ABCD)
leads to a 4x4 super template that has corners labelled as
both ABDC and UVWX. Since the original template includes
AB-CD, a consequence, for a pair of templates, is ABABCDCD, so the left side of the super template (i.e., UV) can
join the right side (i.e., XW). Similarly, the original template
shows BCAD-ADBC, which means that the bottom of the
super template (i.e., VW), can join to the top (i.e., UX). In
effect, the super template block can be reproduced
horizontally left and right repeatedly and similarly vertically.
This can be articulated as (UV-XW, VW-UX), which is
equivalent to (AB-DC, BC-AD). That is, the super template
can be tessellated and corresponds to the simple
tessellation.
(AB-CD, BC-DA)
In this case, the 4x4 super template
tessellates with horizontal and vertical
reproductions of the super template. That
is, (UV-XW, VW-UX) and this is equivalent to (AB-DC, BCAD). In this case, the super template also tessellates as a
simple tessellation.
(AB-CB, CD-AD)
Here the 4x4 template tessellates
with the entire block being duplicated on
any side of the given block, i.e., (UV-WX, VW-XU), which is
equivalent to (AB-DC, BC-AD). Once again, the super
template tessellates as a simple tessellation.

(AB-BC, CD-DA)
This super template is (UV-XW, VWUX), which is equivalent to (AB-DC, BCAD). This super template also follows a
simple tessellation.

Having explained four of the five tessellations, one could
have the impression that creating a 2x2 super template
always leads to simple tessellation. Teachers who want
simple variety can take advantage of that commonality.
However, it is the final case that can provide an additional
challenge for students who need some enrichment; it defies
the conjecture and does not lead to the simple tessellation!
(AB-BC, CD-AD)
This tessellation is complicated by a characteristic that
arises when four templates are assembled as a block. The
characteristic, shown at the right, is that the “D” vertex
appears only in the middle of the block of four templates.
The group of four small templates only has three letters
appearing on the outer edge. To complicate this, all four
letters appear in the definition of the template pattern, and
this leads to the formation of “holes” or “cracks.” A hole is an
area surrounded by templates, but which cannot actually be
covered by the template. A crack arises when the
tessellation has a persistent area that cannot be filled by the
template.
The 2x2 template block
can be used to construct a
periodic tiling with holes. In
the diagram, there are four
sections composed of 2x2
templates that have a
double border. The doublebordered block at the top is
identical to the double-bordered block at the bottom, and
similarly, the left and right are identical. The relationship
between the left and top double-bordered blocks is a
reflection. The four- corner templates are the corresponding
components of the double-bordered blocks that will allow the
pattern to tessellate. The collection of blocks within the
double borders and required holes tessellates.

The recognition of the necessity of holes in this
tessellation is unexpected. Holes are not the only unusual
behaviour; a relatively simple pattern generates two parallel
lines of templates where the gap cannot be filled. This is a
crack because there is a gap with a width of one template
that has periodic walls. The pattern is shown below and then
explained.
The crack corresponds to the shaded column of six
squares at the bottom of the diagram. On either side of the
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be their error. That holes and cracks can emerge is a
fascinating element of tessellation that likely relates to
scientific concepts of porosity and crystal flaws. These sorts
of macro-properties are the reason we should not avoid
having students explore the larger possibilities of Escher Art.

Revisiting the Equilateral Triangle
This article began with the triangular template as a simple
case that can allow younger students to explore two
distinctly different outcomes. The process was constrained
by only having two sides changed; one had a piece cut out,
and the other had it added on (Figure 3). The third side was
unchanged.

shaded square at the bottom there are several templates
with bold letters. These correspond to templates four rows
above them that also have bold letters. Tessellating this
section downward creates two parallel walls, where the
interior can never be filled, i.e., a crack.

To fill the rest of the plane, there is a section in the upper
half of the diagram with bold gridlines. That section has
many blank templates that can be filled in a variety of ways.
However, regardless of how the blank templates are filled,
the row above and below the section are a reflection of one
another, and that allows the tessellation to extend vertically
upwards, using the reflection of the pattern. Similarly, the left
column of templates in the diagram is identical to the right
column of templates, which allows for the overall diagram to
tessellate horizontally.

The area of blank templates (in the section with bold
gridlines) can be filled in any manner. There are multiple
solutions, which allows for unique choice in an otherwise
deterministic pattern. The element of choice allows for this
tessellation to be periodic or not, according to how
repetitions of the blank templates are filled.

Conclusion to the Square Template
All of the tessellations explored have periodic solutions.
While this implies they are not aperiodic (i.e., unable to have
a periodic tiling), it does not imply that they must have
periodic solutions. However, non-periodicity is tied to the
occurrence of holes, and that restricts when it can arise. In
the classroom, students should be forewarned of odd
behaviour. When I have allowed the full range of templates
without forewarning students, some assumed they had
made mistakes—the possibility of a hole was assumed to
26
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If the third side is
reconsidered
and
the
midpoint is used to allow a
piece to be cut out of half of
the side and connected onto
the other half of the side, then
a slightly more complex
template is created. This type
of triangular template can
produce the hexagonal super
template shown in Figure 7.
The detail that is intriguing
about this super template is
that it tessellates to produce a
series of hexagons that will
not tessellate freely with one
another. What one obtains is
a latticework with a series of
holes. An example of a single
hole is shown in Figure 8.

Figure 7: Hexagon
super template from
trianlge template

Figure 8: A hole arising from
the triangular template

Conclusion
Escher art is well known, but used in a very limited
manner in classroom settings (Kerkusz, 2001, p. 49). There
is a very rich opportunity to develop this established activity
in new ways that will encourage students to explore
geometric properties further. The occurrence of holes and
cracks is genuine and facilitates enrichment possibilities that
can be brought into the classroom with minimal additional
preparation. Why not use it to encourage students to see the
full range of behaviours that simple geometric
transformations can lead to?
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